Based on our previous work, we deduce a general formula for pressure of degenerate and relativistic electrons, Pe, which is suitable for superhigh magnetic fields, discuss the quantization of Landau levels of electrons, and consider the quantum electrodynamic(QED) effects on the equations of states (EOSs) for different matter systems. The main conclusions are as follows: Pe is related to the magnetic field B, matter density ρ, and electron fraction Ye; the stronger the magnetic field, the higher the electron pressure becomes; the high electron pressure could be caused by high Fermi energy of electrons in a superhigh magnetic field; compared with a common radio pulsar, a magnetar could be a more compact oblate spheroid-like deformed neutron star due to the anisotropic total pressure; and an increase in the maximum mass of a magnetar is expected because of the positive contribution of the magnetic field energy to the EOS of the star.
Introduction
Thompson and Duncan (1996) predicted that superhigh magnetic fields could exist in the interiors of magnetars, which are powered by extremely strong magnetic fields, B ∼ 10 14 to 10 15 G (see Ref. 1) . The majority of magnetars are classified into two populations historically: the soft gamma-ray repeaters (SGRs), and the anomalous X-ray pulsars (AXPs). Pulsars have been recognized to be normal neutron stars (NSs), but sometimes have been argued to be quark stars (e.g., see Ref. 2, 3, 4) .
It is universally accepted that 3 P 2 anisotropic neutron superfluid could exist in the interior of a neutron star (NS). If the superhigh magnetic fields of magnetars originate from the magnetic fields induced by the ferromagnetic moments of the 3 P 2 Cooper pairs of the anisotropic neutron superfluid at a moderate to lower temperatures (T ≪ 2.87 × 10 8 K, the critical temperature of the 3 P 2 neutron superfluid) and high nuclear density (∼ 0.5ρ 0 < ρ < 2.0ρ 0 ), then the maximum magnetic field strength for the heaviest magnetar may be estimated to be (3.0 ∼ 4.0) × 10 15 G, according to our model (see Ref. 5, 6) .
For completely degenerate (T → 0, i.e., µ/kT → ∞, µ is the chemical potential of species i, also called the Fermi energy, E F (i)) and relativistic electrons in equilibrium, the distribution function f (E e ) can be expressed as f (E e ) = 1 Exp[(E e − µ e )/kT ] + 1 ,
where the sign + refers to Fermi-Dirac statistics, k represents Boltzmann's constant; and µ e is the electron chemical potential; when E e ≤ E F (e), f (E e ) = 1; when E e > E F (e), f (E e ) = 0. The electron Fermi energy E F (e) has the simple form 
with p F (e) being the electron Fermi momentum.
In the interior of a NS, when B is too weak to be taken into consideration, p F (e), is mainly determined by matter density ρ and the electron fraction Y e (see Ref. 7) . In the weak-field limit B * ≪ 1 (B * = B/B cr and B cr = 4.414×10 13 G is the electron critical field), the equation of state (EOS) can be written in the polytropic form,
where K and Γ are constants, in the following two limiting cases: 1.For nonrelativistic electrons, ρ ≪ 10 6 g cm 
where A and Z are the number of nucleons and the number of protons, respectively. 2. For extremely relativistic electrons, ρ ≫ 10 6 g cm 
Be note that, for a given nucleus with proton number Z and nucleon number A, the relation of Y e = Y p = Z/A always approximately holds, where Y p is the proton fraction; for an ideal neutron-proton-electron (npe) gas, Y e = Y p = ne nB = ne np+nn ≈ ne nn , where n e , n p , n n and n B are the electron number density, proton number density, neutron number density and baryon number density, respectively. In this paper, we focus on the interior of a magnetar where electrons are degenerate and relativistic. The effects of a strong magnetic field on the equilibrium composition of a NS have been shown in detail in previous studies (e.g., Ref. 8, 9) . In accordance with the popular point of view on the electron pressure in strong magnetic fields, the stronger the magnetic field, the lower the electron pressure becomes. With respect to this viewpoint, we cannot directly verify it by the experiment in actual existence, owing to the lack of such high-value magnetic fields on the earth. After a careful check, we found that popular methods of calculating the Fermi energy of electrons are contradictory to the quantization of electron Landau levels. In an extremely strong magnetic field, the Landau column becomes a very long and very narrow cylinder along the magnetic field. By introducing the Dirac δ-function, we obtain 4π 3B * ( m e c h ) 3 (γ e ) 4 1
where χ and γ e are two non-dimensional variables, defined as χ = ( pz mec )/(
EF(e) mec 2 ) = p z c/E F (e) and γ e = E F (e)/m e c 2 , respectively; 1/γ 2 e is the modification factor; h and N A are the Planck constant and Avogadro constant, respectively (see Ref. 10, 11) . Solving Eq.(6) gives a concise formula for E F (e) in superhigh magnetic fields, MeV ,
where ρ 0 = 2.8 × 10 14 g cm 3 is the standard nuclear density (see Ref. 11 ). The remainder of this paper is organized as follows: in Section 2, on the basis of our previous work, we deduce an equation involving P e , ρ, B and Y e , which is suitable for strong magnetic fields; in Section 3, we take into account QED effects on EOSs of different matter systems, and discuss an anisotropy of the total pressure of ideal npe gas due to strong magnetic fields; in Section 4, we present a dispute on P e in superhigh magnetic fields, and finally we summarize our findings with conclusions in Section 5.
Pressure of degenerate and relativistic electrons
The relativistic Dirac-Equation for the electrons in a uniform external magnetic field along the z−axis gives the electron energy level magnetic field B ≫ B cr , E F (e) ≫ m e c 2 ), hence we have the following approximate relation
From the analysis above, we can calculate the maximum of electron momentum perpendicular to the magnetic field by
where the relation of 2µ ′ e B cr /m e c 2 = 1 is used. Inserting Eq. (14) into Eq. (15) gives
Thus, we gain
As pointed out above, when n = 0, the electron Landau level is non-degenerate, and p z has its maximum p z (max),
From Eq. (17) and Eq.(18), it's obvious that p z (max) = p ⊥ (max) = p F (e), which implies the electron pressure along the magnetic field, P z (e), is equal to the electron pressure in the direction perpendicular to the magnetic field, P ⊥ (e). The reason for this is that in the interior of a magnetar, electrons are degenerate and superrelativistic, and can be approximately treated as an ideal Fermi gas with equivalent pressures in all directions, though the existence of Landau levels. The equation of P e in a superhigh magnetic field is consequently given by 
Comparing Eq. (21) with Eq. (7), it's easy to see that P e ∝ E 4 F (e). Employing Eq. (21), we plot the schematic diagrams of P e vs. B, as shown in Fig.1 . From Fig.1 , P e increases sharply with increasing B when the values of Y e and ρ are given. We also present a schematic illustration of P e as a function of ρ in different magnetic fields, as shown in Fig.2 .
As pointed in our previous study (see Ref. 10) , the high Fermi energy of electrons could be supplied by the release of the magnetic field energy. Since P e is proportional to E 4 F (e), and the later increases with increasing B, then the former also increases with increasing B naturally. Although we have presented a reasonable explanation for high-value P e here, an important issue of electron distributions among different Landau levels in a superhigh magnetic field remains unsolved. According to a popular viewpoint that the stronger the magnetic field, the smaller the maximum electron Landau level number n max becomes, the number of electrons congregating in an exciting level (n ≥ 1) decrease with increasing B, if B ≫ B cr , then n max = 1 or 2, and the overwhelming majority of electrons occupy in the ground level n = 0, which causes a decrease in the momentum p z , as well as a decrease in the momentum p ⊥ . However, the Dirac Delta-function δ(
2 ) obviously tells us that, given a Landau level number n, both the momentum p ⊥ (n) ∼ m e c[2(n+ σ + and the magnetic energy
2 increase with increasing B, which implies more electrons contribute to p ⊥ (n) and E B (n). Thus, given a Landau level n, the number of electrons should increase with increasing B, rather than decrease with B. With respect to ∆p ⊥ (n, n + 1), the difference of p ⊥ between two adjacent landau levels, when the Landau level number n is given, ∆p ⊥ (n, n + 1) increases with increasing B; when B is given, ∆p ⊥ (n, n + 1) decreases with increasing n, and if n → n max , then ∆p ⊥ (n, n + 1) is too small to be taken into account. The increase of E F (e), together with the increase of number of electrons populating in the vicinity of Fermi surface, can result in an increase in the electron capture(EC) rate in the interior of a magnetar. The extreme activity and instability of a magnetar may be explained by high-value E F (e), and the released thermal energy in the EC process could be the source of magnetars' soft X/γ-ray radiations (see Ref. 11, 13, 15) .
The QED effects on equation of state
A superhigh magnetic field is intriguing in the physical context because some interesting phenomena would be expected from the quantum electrodynamic (QED) effects. One of the QED phenomena is the vacuum polarization, which causes large energy splitting of Landau levels, modifies the dielectric properties of the medium, induces resonant conversion of photon modes (e.g., see Ref. 14, 16, 17) ,and decreases the equivalent width of the ion cyclotron line making the line more difficult to observe (see Ref. 18) .
The observations display the presence of the hard X-ray spectra tails in magnetars, recently detected by XMM, ASCA, RXTE and INTEGRAL (e.g., see Ref. 19, 20, 21, 26, 27, 28) . Some authors have tried to interpret these observations by employing Resonant Compton Scattering (RCS) by relativistic electrons in superhigh magnetic fields (e.g., see Ref. 29, 30, 31, 32, 33, 34) . RCS is also an interesting phenomenon due to QED effects, and has been treated as a leading emission mechanism for the hard X-ray radiation of magnetars. With respect to the QED effects on the spin-down and heat evolution of magnetars, for details, see a recent review of Ref. 25 .
However, as an alternative, in this work, we shall concentrate on the QED effects on different matter systems of a magnetar, and discuss the star's deformation due to strong magnetic fields. This Section is composed of three sub-sections. For each subsection we present different methods and considerations.
The QED effects on the EOS of BPS model
Considering shell effects on the binding energy of a given nucleus, Salpeter (1961) first calculated the composition and EOS in the region of 10 7 −3.4×10 11 g cm −3 (see Ref. 35) . By introducing the lattice energy, Baym, Pethick and Sutherland (hereafter BPS model) improved on Salpeter's treatment, and described the nuclear composition and EOS for catalyzed matter in complete thermodynamic equilibrium below neutron drop ρ d ∼ 4.4 × 10 11 g cm −3 energy (see Ref. 36, 7) . Here, we shall not discuss electrons in the low density regime 10 4 ∼ 10 6 g cm −3 , because the electrons are nonrelativistic, and EOS may be treated via a magnetic Thomas-Fermi (TF) type of model for a lattice of electrons and 56 26 F e nuclei (see Ref. 37 ). Since we are concerned about the role of magnetic fields on EOS, a qualitative analysis of magnetic influence depending on the details of the nuclear model will not be presented here. Also, we'll utilize the simple BPS model, and no long consider other more complicated models (e.g., the model in Ref. 38 , in which the EOS is quite distinct from that of BPS model). We'll assume an isotropic and homogenous matter pressure P of this system. An anisotropy of the total pressure P tot of the system due to a strong magnetic field will not be discussed in this subsection.
According to BPS model, the matter energy density is given by
where n N is the number density of nuclei, W N (A, Z) is the mass-energy per nucleus (including the rest mass of Z electrons and A nucleons); ε e is the free electron energy including the rest mass of electrons in a unit volume; ε L is the bcc Coulomb lattice energy per nucleus,
where the relations of n N = n B /A and n e = Zn N are used. The matter pressure p of the system is given by
In the case of the weak-field limit B * ≪ 1, P e in Eq. (24) is given by Eq.(5). For a magnetic field B * ≫ 1, P e in Eq. (24) is given by Eq. (21) . For the specific equilibrium nuclei (A, Z) in BPS model, we calculate the values of quantities ρ m , n B (m), E F (e) and P e , as tabulated in Table 1 . Table 1 . Values of ρm, n B (m), E F (e) and Pe in BPS model below neutron drip. In this Table the signs of '0 ′ and '1 ′ denote B * ≪ 1 and B * = 100, respectively, and n B (m) is the maximum equilibrium baryon number density, corresponding to the maximum equilibrium density ρ m at which the nuclide is present. The sign ' † Table 1 , it's obvious that the electron pressure P e , as well as E F (e), increases with matter density and magnetic field, and a strong magenetic field alters the nucleus transition densities for the low-A nuclei. In a strong magnetic field, as the density increases, the nuclei become increasingly saturated with neutrons, however, neutron drip occurs at the same density because we adopts a nearly constant minimum Gibbs free energy per nucleon, g min = m n c 2 . From Fig.3 .
The relation of dynemic pressure P and density Ρ in BPS model. 4 give P versus ρ, P L /Pe versus ρ, ln Pe versus ln n B and Γ versus ρ for specific nucleus, respectively. Here, ρ denotes the maximum equilibrium density, Γ is the modified adiabatic index (e.g., unlike the adiabatic index Γ 0 in the weak-field limit, Γ is an adiabatic index after taking into account magnetic effects.
From the sub-diagram Fig.3-1 , the matter pressure P described by Eq. (24) increases obviously with density ρ for both in a superhigh magnetic field and in the weak-field limit. Furthermore, given a density ρ, the value of P in the case of the former (B * = 100)is bigger than that of P in the case of the latter (B * ≪ 1), which can be easily seen from the curves of Fig.3-1 . From the sub-diagram Fig.3-2 , the ratios of P L to P e are about 10 −2 and 10 −3 , respectively, corresponding to B * = 100 and B * ≪ 1, respectively. Therefore, one can infer that the contribution of P L to the matter pressure P can be ignored if B * ≥ 100. In the sub-diagram Fig.3-3 , we fit a curve of ln P e versus ln n B in the weak-field limit. Since the electrons are relativistic, the adiabatic index Γ (i.e., the slope of the curve) is a constant of 4/3, which is the standard relativistic value. In a strong magnetic field B * = 100, due to the changes of P e and ρ m , the values of modified Γ are slightly higher than the constant of 4/3, i.e, Γ ≡ ln P e / ln n B ≃ 1.36 ∼ 1.39, as illustrated in the sub-diagram Fig.3-4. 
The QED effects on the EOS of BBP model
In the domain above neutron drip, as the matter density increases and the nuclei become more neutron rich, and the system becomes a mixture of nuclei, free neutrons, and electrons. When a critical value of baryon number density is reached, the nuclei disappear, essentially by merging together. Here we shall focus on the EOS of Baym, Bethe, and Pethick (1971) (see Ref. 41)(hereinafter BBP), which describes such a system more successfully, compared with other models.
In this subsection, we'll also assume an isotropic and homogenous matter pressure P of this system, and will not discuss an anisotropy of the total pressure P tot of the system due to a strong magnetic field.
In the work by BBP, the major improvement was the introduction of a compressible liquid drop model of the nuclei (see Ref. 41 ). The energy density of BBP model is written as
where n n is the number density of neutrons outside of nuclei (hereinafter neutron gas), and the new feature is the dependence on the volume of a nucleus V N , which decreases with the outside pressure of the neutron gas. The baryon number density in this model is
where V N n N and 1 − V N n N are the fraction of volume occupied by nuclei, and the fraction occupied by the neutron gas, respectively. The matter pressure p in BBP model is given by
In the original work of BBP (1971), the three terms of P n , P e , P L in Eq. (27) are calculated by P n = n 2 n ∂En ∂nn , P e = n 2 e ∂Ee ∂ne , and P L = n 2 N ∂EL ∂nN , respectively. Ignoring the details of calculations, we list the values of chemical potentials µ e and µ n in Table 2 , and cite the results of P n , P e and P in plotting In a superhigh magnetic field, according to our model, the three pressure terms in Eq. (27) are approximately treated as follows: Sice the ratio of P L /P is ∼ 10 −3 − 10 −4 , the contribution of negative lattice pressure P L to the total dynamic pressure P can be neglected; As in the magnetic BPS model, the electron pressure P e is also given by Eq.(21); In order to calculate the neutron pressure P n , at first, ignoring the neutrino chemical potential µ ν , we determine µ n via β-equilibrium under a uniform superhigh magnetic field,
where µ e is the electron chemical potential, i.e., the electron Fermi energy E F (e)
2mn , secondly, by defining a non-dimensional variable
where the neutrons are nonrelativistic (the density ), we can calculate the value of P n by
where λ n = h mnc is the Compton wavelength of a neutron. In Table 2 we present the values of µ e and µ n corresponding to different magnetic fields in BBP model. −24 g is the atom-mass unit because n B always can be treated as an invariable quantity in spit of a strong magnetic field. The sign ' ‡'denotes that the EOS of BBP model has been criticized by some authors (e.g., see Ref. 42, 7) , due to a monotonic and arbitrary increase of Z with A, which causes the relation of P and ρ to be changed not much, so we stop listing the related calculations in the higher density region, ρ ≥ 1.72 × 10 14 g cm −3 . The values of µ n are obtained from Eq.(28) ignoring the changes of kinetic energies and potential energies of protons in nuclei and the transformations between protons and neutrons caused by strong magnetic fields (i.e., keeping µ p and Y p or Y e constant). In a superhigh magnetic field, the system under consideration is still a mixture of free neutrons, electrons, and nuclei. Since there is a lack of experimental data on the changes and transformations above, we still take the quantities µ p and Y p as constants approximately when calculating µ e and µ n . If B ≫ 10 20 G, these ignorers are not permitted due to larger calculating errors. Note that such strong magnetic fields will no longer be taken into account according to our magnetar model (for details, see the following subsection). However, these ignorers can not affect our main result here that the values of µ e and µ n increase with increasing magnetic fields and densities. Based on Table 2 we plot four schematic sub-diagrams of QED effects on the EOS of BBP model, as shown in Fig.4 .
From sub-diagrams Fig.4-1 and Fig.4 -2, both P e and P obviously increase with density ρ for the three cases. As in BPS model above, given a same density ρ, the stronger the magnetic field is, the higher the values of P e and P become. However, the increments of P e and P in the lower density region are larger than those in the higher density region. The main reason for this is that the increments of quantities µ e and µ n in the lower density region are larger than those in the higher density region, which can be easily seen in Table 2 . In Fig.4-3 the curve of adiabatic index Γ and ρ in the weak-field limit is obtained by fitting with the data of Table 6 in Canuto (1974) (see Ref. 42) . The key feature of the curve in this sub-diagram is that Γ decreases with increasing ρ firstly, and then increases with increasing ρ. This phenomenon can be explained as follows: Firstly, as the neutron drip density ρ d is approached, the electrons are extremely relativistic, and the matter pressure is almost entirely due to electrons, therefore Γ 0 = 4/3; Secondly, slightly above ρ d , the low-density neutron gas contributes appreciably to the density but not much to the matter pressure, and thus Γ falls sharply. This drop in BBP model is described as Γ =
, where a is a positive constant. Thirdly, as the density increases (about ρ ≥ 10 12 g cm −3 ), the free neutrons nevertheless contribute to an increasingly larger fraction of the matter pressure. According to our calculations, in a strong magnetic field, e.g., B * ≥ 50, when ρ ∼ 10 12 g cm −3 , P n /P ∼ 0.1−0.2, while ρ ∼ 10 13 − 10 14 g cm −3 , then P n /P ∼ 0.8 − 0.99, assuming that ρ d is unchanged. Fig.4-4 give Pe versus ρ, P versus ρ, Γ versus ρ, and ∆Γ versus ρ, respectively, for this EOS in different magnetic fields. The matter pressure P of this system is described by Eq. (27) , assuming that µp and Ye are invariant approximately.
In addition, Γ grows with increasing B and ρ slightly (∆Γ ∼ 10 −2 − 10 −3 ) due to an increase in P , as shown in Fig.4-4. 
The QED effects on the EOS of ideal npe gas
In this subsection, we consider a homogenous ideal npe gas under β-equilibrium, and adopt ST approximation corresponding to the weak-field limit (see Ref. 7) as the main method to treat EOS of this system in the density range of 0.5ρ 0 ∼ 2ρ 0 where electrons are relativistic, neutrons and protons are non-relativistic. According to ST, when ρ ≫ 10 13 g cm −3 , neutrons dominate in the interior of a NS, ρ ≈ m n n n , then n n = 1.7 × 10 38 (
; employing β-equilibrium and charge neutrality gives n p = n e = 9.6 × 10 35 ( ρ ρ0 ) 2 cm −3 ; β-equilibrium implies energy conservation and momentum conservation (p F (p) = p F (e)), we get
2/3 MeV, and
MeV; the isotropic matter pressure P is given by
where
mpc 2 , the expression of φ(x p ) is completely similar to that of φ(x n ) (see Eq. (29)).
Based on the above results, we gain the following useful formulae:
Be note that these formulae in Eq. (32) always hold approximately in an ideal npe gas when B * ≪ 1 and ρ ∼ 0.5ρ 0 − 2ρ 0 . Our methods to treat EOS of an ideal npe gas (system) under β-equilibrium in superhigh magnetic fields are introduced as follows: Combining Eq. (7) (28), we get the non-dimensional variable, 
Thus, re-solving Eq. (31) gives the expression for the isotropic matter pressure P , 
where x n is determined by Eq.(33). The above equation always approximately hold in an ideal npe gas when B * ≫ 1 and ρ ∼ 0.5ρ 0 − 2ρ 0 . In order to calculate the matter pressure P of an ideal npe gas in a superhigh magnetic field, it's better to an analytical expression for Y p (or Y e ) and B. Unfortunately, so far such an expression for Y e and B has not been obtained yet. 15 G, in which n B always keeps invariable, and the changes of n p (or n e ) and n n caused by the equilibrium process of e − + p ↔ n + ν are too small to be considered. Thus, the magnetic effects on the proton (or electron) fraction also can be ignored. In Table 3 we present the values of E F (e), µ p , µ n and P in ideal npe gas corresponding to two cases: B * ≪ 1 and B * = 100. The signs of '0' and '1' denote B * ≪ 1 and B * = 100, Table 3 . Values of E F (e), µp, µn and P in ideal n − p − e gas corresponding to B * ≪ 1 and B * = 100. respectively. The values of P 0 and P 1 are obtained from Eq. (32) and Eq.(34), respectively. For simplicity, we ignore the change of Y p (or Y e ) caused by magnetic effects when calculating P 1 . However, this assumption can not affect our main conclusion here that the dynamic pressure P increases with increasing B and ρ. Seeing from Table 3 , for an ideal npe system, the chemical potentials of fermions, as well as matter pressure, increases with increasing B and ρ. Furthermore, the ratios of P 1 /P 0 are in the range of ∼ 2.4 − 1.4 corresponding to a density range of (1.4 × 10 14 − 5.6 × 10 14 )g cm −3 , but the magnitudes of P 1 and P 0 are identical. Based on Table 3 we plot two schematic sub-diagrams of QED effects on EOS of this npe gas, as shown in Fig.5 .
The relation of Pp and density Ρ in ideal n p e gas a. Ρ 1. 5-2 give Pp versus ρ and Pn versus ρ, respectively, for an ideal npe gas in a superhigh magnetic field. Here the ST approximation is adopted in treating EOS of this system under β-equilibrium in the weak-field limit.
From sub-diagrams Fig.5-1 and Fig.5-2 , both P p and P n increase obviously with density ρ and magnetic filed B. As in magnetic BPS and BBP models above, given a same density ρ, the values of P p and P n in a superhigh magnetic field (e.g.,B * = 100) are higher than those in the weak-field limit.
As we know, in an ideal npe system under strong magnetic fields, there is a positive correlation between the total matter energy density, ǫ, and the total matter pressure, P ,
where n is equivalent to the number density of baryons, P includes the electron pressure, P e , proton pressure, P p and neutron pressure, P n . Combining Eq. (34) with Eq. (35), we can conclude that the total matter energy density, ǫ, increases with increasing B.
The stable configurations of a NS can be obtained from the well-known hydrostatic equilibrium equations of Tolman, Oppenheimer and Volkov (TOV) for the pressure P (r) and the enclosed mass m(r),
where G is the gravitational constant, see.Ref. 7 . For a chosen central value of ρ, the numerical integration of Eq. (23) provides the mass-radius relation. However, we focus on a qualitative analysis of relation of m(r) and B in the context of a magnetar. In Eq.(36), the pressure P (r) is the gravitational collapse pressure, and always be balanced by the total matter pressure, P ; the central density ρ is proportional to the matter energy density ǫ; the enclosed mass, m(r), increases with the central density ρ when r is given. From the calculations and analysis in this Section, we may expect a more massive stelar mass of a magnetars because the matter energy density, ǫ, increases with B. Also, we propose that magnetars' instability could be associated with the increased gravitational collapse pressure and high chemical potentials of fermions.
As we know, the magnetic effects can give rise to an anisotropy of the total pressure of the system to become anisotropic, e.g., see Ref. 44, 45, 46, 47, 48, 49. In an ideal npe system, the total energy momentum tensor due to both matter and magnetic field is to be given by
where,
and
where ǫ m is the total matter energy density, and P m is the total matter pressure of the npe system, respectively. The first term in Eq.(39) is equivalent to magnetic pressure, while the second term causes the magnetic tension. Assuming a uniform magnetic field B directed along the z-axis, then we have
Due to an excess negative pressure or tension along the direction to the magnetic field, the component of T µν B along the field, T zz B , is negative. Thus, the total pressure in the parallel direction to the magnetic field can be written as
and that perpendicular to the magnetic field, P ⊥ , is written as
From Eqs. (41) (42) , it's obvious that the total pressure of the system becomes anisotropic. The parallel pressure P becomes negative, assuming that the magnetic pressure exceeds P m . However, according to our calculations, when B * = 100, . Hence, in this presentation, we consider that the component of the total energy momentum tensor along the symmetry axis becomes positive, T zz > 0, since the total matter pressure increases more rapidly than the magnetic pressure. Accordingly, the total energy momentum tensor is given by
A strong magnetic field can uncover anisotropy, see Ref. 47, 48 , due to magnetization pressure, MB, where M is the magnetization of the system, which is given by
Therefore, the pressure perpendicular to the magnetic field, P ⊥ , is actually written as
For a magnetic field B ≪ 10 20 G, the magnetization is opposite to the external field B, i.e., M < 0, and it may happen that P ⊥ > P . For a magnetic field B ≥ 10 20 G, the opposite occurs in some permeable materials where M > 0 and P ⊥ < P , this is due to ferromagnetic effects which have quantum origin, as in a gas of degenerate neutrons (see Ref. 47, 48) .
However, magnetars considered in the present work universally have typical surface dipole magnetic fields ∼ (10 14 − 10 15 ) G and inner field strengths not more than 10 17 G, under which B 2 /8π ≫ MB, and the effects of AMMs of nucleons on the EOS are ignored. Therefore, we exclude magnetization term in the total pressure. In other words, the exclusion of magnetization term cannot affect the result practically for the present purpose. Our model of magnetized ideal npe gas favors the following relation: P ⊥ > P , which could lead to the Earth-like oblatening effect.
In the work of Bocquet et al.(see Ref 45) , the authors considered an extension of the electromagnetic code developed by Bonazzola et al. (see Ref. 44) , and simulated high-magnetized rotating NSs. According to their simulations, the component of the total energy momentum tensor along the symmetry axis is negative, and the combined fluid-magnetic medium can develop a magnetic tension. As a result of this tension, the star displays a pinch across the symmetry axis and assumes a flattened shape (see Ref. 45) .
Contrary to the work of Bocquet et al.(1995) , we propose that the component of the total energy momentum tensor along the symmetry axis becomes positive, since the total matter pressure always grows more rapidly than the magnetic pressure. However, a similar effect is expected to occur in our present work, where the magnetic tension along the direction to the magnetic field will be responsible for deforming a magnetar along the magnetic field, and turns the star into a kind of oblate spheroid. Be note that such a deformation in shape might even render a more compact magnetar endowed with canonical strong surface fields B ∼ 10 14−15 G. Also, such a deformed magnetar could have a more massive mass because of the positive contribution of the magnetic field energy to the EOS of the system. 4. Two contrary views on the relationship between P e and B As we know, the electron pressure,P e , as well as the electron Fermi energy E F (e), is generally believed to decrease with increasing magnetic field strength B (e.g., Ref. 9, 50) .
According to statistical physics, the microscopic state number in a 6-dimension phase-space element dxdydzdp x dp y dp z is dxdydzdp x dp y dp z /h 3 . In the Ref. 51 , the number of states occupied by completely degenerate relativistic electrons in an unit volume is calculated as follows:
−∞ dp x dp y dp z
Bcr 2n, hence, ∞ 0 dp 2 ⊥ → ∞ n=0 ω n , where ω n is the degeneracy of the n-th Landau level of electrons in relativistic magnetic field, which can be estimated as ω n = 1 h 2 dp x dp y = 1
is the electron magnetic moment. In the momentum interval ∆p z along the direction to the magnetic field, for a non-relativistic electron gas, the number of possible microstates is given by
(see Ref. 55) . For the convenience of calculation, we assume S = 1 cm 2 and V = 1 cm 3 , and consider the electron spin degeneracy g n0 = 2 − δ n0 (when n = 0, g 00 = 1; when n ≥ 1, g n0 = 2). From Eq. (49), we get the expression for the degeneracy of the n-th Landau level of electrons in a non-relativistic magnetic field,
where the solution of the non-relativistic electron cyclotron motion, ω B = 2µ e B, is used. Confusingly, the expression for the degeneracy of the n-th Landau level of electrons in a relativistic magnetic field is completely in accordance with that for the corresponding non-relativistic case, if one compare Eq.(47)(or Eq. (48)) with Eq.(50).
After careful consideration and analysis, we find that Eq.(47) (or Eq. (48)) is just the expression we are looking for, that leads to an incorrect viewpoint on the electron Fermi energy, as well as the electron pressure, prevailing in the world currently. In our opinion, the expression for ω n in Eq.(47)(or Eq. (48)) is incorrect, because it's against the viewpoint on the quantization of Landau levels. The essence of the above method (or the incorrect deduction) lies in the assumption that the torus located between the n-th Landau level and the (n+1)-th Landau level in momentum space is ascribed to the (n + 1)-th Landau level. Such a factitious assumption is equivalent to allow a continuous momentum (or energy) of an electron moving in the direction perpendicular to the magnetic field, which is obviously contradictory to the quantization of Landau levels in the case of a strong magnetic fields. The concept of Landau level quantization clearly tells us that there is no any microscopic quantum state between p ⊥ (n) andp ⊥ (n+1). In a word, the main cause of the popular incorrect viewpoint on E F (e) is due to a factitious assumption. In order to depict the quantization of Landau levels truly and accurately, we must introduce the Dirac δ-function δ(
2 ) (see Ref. 10, 11). As we know, the eigenvector wave function of the Schrödinger equation (or Dirac equation) can be expanded in an infinite series. In the process of deducing the expressions concerning the quantization of Landau levels, we should firstly give a p z that changes continuously along the direction to the magnetic field, then solve the relativistic Schrödinger equation (or Dirac equation), finally obtain the maximum Landau level number, n max , by truncating the infinite series when the wave function is limited (see Ref. 55) . Logically, give p z firstly, and then determine the maximum Landau level number n max .
As an alternative way to depict the quantization of Landau Levels of electrons in strong magnetic fields, we rewrite Eq. (50) 2 )p ⊥ dp ⊥ ,
where φ = arctan p y /p x , and g n0 = 2 − δ n0 (when n = 0, g 00 = 1; when n ≥ 1, g n0 = 2)is the electron spin degeneracy. In the interior of a NS, in the light of the Pauli exclusion principle, the electron number density should be equal to its microscopic state density,
(m e c) 
In a word, when calculating ω n and N phase , we must take into account the Dirac δ-function, otherwise, we would reach the wrong conclusion that E F (e) decreases with the increase in B. Be note, in this letter, we first time propose that the electron pressure P e increases with increasing B, and the popular point of view on P e will be confronted with a severe challenge from our calculations
Summary Conclusions
In this paper we have derived a general expression for pressure of degenerate and relativistic electrons, which holds approximately when B ≫ B cr . We conclude that the stronger the magnetic field is, the higher the electron pressure becomes. The high electron pressure could be caused by the electron Fermi energy, which increases with the increase in the magnetic field strength. Given these arguments, the popular point of view on P e will be confronted with a severe challenge from our calculations. Also, we have taken into account QED effects on EOSs of BP S model, BBP model and ideal npe gas model, and have discussed an anisotropy of the total pressure of ideal npe gas due to strong magnetic fields. Magnetars we have adopted in this work have typical surface dipole fields B dip ∼ (10 14 − 10 15 ) G, under which the effects of AMMs of nucleons on the total energy density and the total pressure have not been considered. The main conclusions are as follows: The total matter pressure P increases with magnetic field strength B, because chemical potentials of fermions increase with increasing B, given a matter density ρ; taking into account of QED effects on the EOS, the total pressure is anisotropic; comparing with a common radio pulsar, a magnetar could be a more compact oblate spheroid-like deformed NS, due to the anisotropic total pressure; an increase in the maximum mass of a magnetar is expected because of the positive contribution of the magnetic field energy to the EOS.
Finally, it is earnestly hoped that our calculations can soon be combined with the latest studies and observations of magnetars, to present a deeper understanding of the nature of superhigh magnetic fields and bursts of magnetars. 
